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Abstract. In some respect, the continuous repre-
sentation of surfaces such as the geoid, the topo-
graphy, or other spatial phenomena, is superior to
discrete forms like the TIN (Triangular Irregular
Network) or a raster DEM (Digital Elevation
Model) as long as these surfaces exhibit a certain
degree of local smoothness. In this contribution, we
shall concentrate on the special study of biharmonic
spline wavelets and of generalized multi-quadrics,
with the emphasis on increased efficiency while
maintaining the local approximation quality up to
the desired resolution.

To support these interpolation techniques a newly
developed global search algorithm will be adapted
to this problem. It is based on heuristic methods that
would allow the user to handle gridded as well as
arbitrarily scattered data. The number of coeffi-
cients for any surface representation using the
global optimization will be extremely small while
maintaining a magnitude of deviations that is still
acceptable. On the other hand, long computation
times have to be taken into account. Concerning the
functional model one may face fewer restrictions
for its structure when using global methods because
no derivatives have to be computed and no ap-
proximate values need to be provided.

Some geodetic examples will show the potential
of the new techniques, particularly in view of the
more classical Fourier analysis.

Keywords. Biharmonic spline wavelets, multi-
quadrics, continuous surface representation, global
search algorithm

1 Introduction

In geodesy one of the principal research foci is the
efficient representation of surfaces. Out of the high
number of state-of-the art surface representations

only a few can be included in this paper. For a
comparison of different methods on a large scale,
see Franke (1982). Franke (1987) presents a broad
bibliography of 1107 citations related to multivari-
ate approximations. A more recent survey has been
carried out by Hubeli and Gross (2000).

All authors mention the difficulty of categori-
zation and the complexity of criteria while trying to
rank different methods. Indeed, criteria and their
weights depend on the author's emphasis and may
include accuracy, timing, storage requirements, ease
of implementation, sensitivity to parameters, visual
aspects, smoothness / roughness of the surface, ease
to compute surface-surface intersections, transitions
to different resolutions, possibility of error mo-
deling, behavior at singularities, peaks or cracks,
existence of derivatives and gradients. The most
important categorization principles differentiate
between discrete / continuous, linear / nonlinear and
locally / globally supported basis function models.

In the present investigation we shall stick to only
four different methods that include the classical
Fourier analysis, the multi-quadrics which are well
known for their excellent performance, a new fam-
ily of radial basis functions with local support, and
the biharmonic spline wavelets which had been de-
veloped for geodetic purposes by Schaffrin et al.
(2003). The focus will lie on higher-degree linear
versus lower-degree nonlinear models in order to
find out how either refinement of the model affects
the capability to represent a complex surface.

2 Mathematical Models

"Surface Representations" require the development
of continuous surface models from point-sampled
data; in effect, it means interpolating and, to some
extent, extrapolating point information to cover the
continuum. Some mathematical model functions for
continuous surface representations are presented.
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2.1. a) The 2D-Fourier series:

/(x,y) = V~ V " A.lvcos(/ux)cos(vy)

+BUV sin(iix)cos(vy) + CMV cos({lx)sin(vy)

+ Dllvsm({ix)sin(vy)

with the frequencies /u, v e N o and the amplitudes
^v, C^v, . / i s a bivariate function from

L where the coordinates x and _y belong to the in-
terval [-7t; +7t]. When approximating data
z =flx, y) + e, the infinite series is replaced by a
summation up to certain integers KM and Ky.

2.1. b) A nonlinear analog to the 2D-Fourier
series with flexible frequencies:

(2)

The model (2) is no longer harmonic and has been
discussed in Kaschenz (2002; 2003) in more detail.
It differs from (1) as the frequencies have an ex-
tended domain /i^ v̂  e R+, allowing non-integer
ratios between frequencies. However, fik and vk are
unknown parameters, thus making the model (2)
nonlinear. The series is truncated where the model
reaches a predefined precision.

2.2. a) 2-dimensional B-spline wavelets:

kx =1 4 , =1

J 3 2'*' 2'fs (3)

A and B denote the unknown coefficients for the
scaling function and the wavelet functions. $x, y) is
the 2-D scaling function, $ (x, y) its dual; y/(x, y) are
the 2-D wavelet functions, and xj/ix, y) their duals.
For the reconstruction of the signal only the dual
scaling and wavelet functions have to be used, de-
noted by a tilde. Their polynomial degree is ex-
pressed by g. The different levels of detail are de-
noted by the index j . Wavelet coefficients with a
larger j indicate higher detail levels, essentially rep-
resenting the high-frequency part. The index 7] de-
notes the three directional components (horizontal,
vertical and diagonal), and the indices kx, ^ E N J
denote the shift of the wavelets to different loca-
tions on the (x, y)-patch.

The B-splines on a bounded interval were intro-
duced by Chui and Quak (1992) whereas the related
decomposition and reconstruction algorithms were

presented in Quak and Weyrich (1994). Via the ten-
sor product at various levels, the 2-D basis func-
tions (f(x, y) and i//n(x, y) (t]= 1,2,3) can be gener-
ated extremely efficiently. The problem of estimat-
ing the coefficients A and B is linear; due to or-
thogonal subspaces, it is not necessary to solve one
big system with linear equations of problem-size,
but a sequence of smaller systems. For further de-
tails, see Schaffrin et al. (2003).

2.2. b) A nonlinear analog to the 2D B-spline
wavelets with flexible dilatation and transla-
tion parameters:

where 4 e {0, 1, 2, 3}. The scaling function (f> is re-
named y/0 (I — 0) for convenience. To increase
flexibility, the dilatation factors _/* e M+ are not lim-
ited to fixed scales fulfilling 2j withy € N. Also the
translations xi and yi can take any real value in the
spatial domain. The directional component of the
"pseudowavelets" is kept flexible with the three
major directions, allowing 4 = {0, 1, 2, 3}.

2.3. a) Multiquadrics as radial basis func-
tions with global support:

Out of the large number of radial functions, we pick
the well known multiquadrics, introduced by Hardy
(1971). Numerical results can be found in Hardy
and Hou (1990). Multiquadrics have been a subject
of comparison in Franke (1982). Hales and
Levesley (2000) introduced a hierarchical approach
to determine the coefficients efficiently. Multiquad-
rics are defined as the upper sheet of a hyperboloid
of revolution. Their functional model reads

where rk is given by

+(y-ykf (6)

as the radial distance between the evaluation point
(x, y) and a fixed center position (xk, yk) which could
be the location of one of the observations. Ak are the
unknown parameters and c s E is a predefined con-
stant. The estimation of the unknown parameters Ak

is a linear problem. An alternative to the multiquad-
ric function is its reciprocal,

also known as inverse multiquadric. Figures 1-3
show the radial multiquadric-function for various
choices of c, and Figure 4 the inverse multiquadric-
function.
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2.3. b) Radial basis functions, "multiquad-
rics" with flexible positions:

(8)

The model (8) is similar to (5) except that JC* e R
and j ( 6 l a r e unknowns. Also the parameter c is
here introduced as an unknown c^ for every
ke {1,2, ..., «}. Thus the model is more flexible,
but nonlinear and has to be treated as such.

Fig. 1 Multiquadric func-
tion with c = 0, A = 1 and
the center in the origin.
The surface is a cone.

' " . . .

Fig. 3 Negative multiqua-
dric function with e=10 ,
A = -1 and the center in the
origin.

Fig. 2 Multiquadric func-
tion with c— I, A — I and
the center in the origin.

Fig. 4 Inverse multiquadric
function with c = 1, A = 0.5
and the center in the origin.

2.4. a) Radial basis functions with local
support, linear model:

When the basis functions differ from zero only
within a certain distance from the center point, the
represented function depends mainly on the local
data. The cut-off can be performed in such a way
that there is no discontinuity in the function and in
its first derivative. The model (9) with fixed center
positions {xi, yk) and parameters c* was considered.

2.4. b) Radial basis functions with local
support, nonlinear model:

Again, the nonlinear model

f(x,y) = T - 1 >r<ck (9)

is introduced by considering the center positions
(xh yk) and the parameters c* as unknowns for every
ke {\,2,...,n}.

-3.14 -3.14

Fig. 5 Radial basis function with local support; Mod-
el (9): Polynomial, truncated at r — c with c = 2.0, A = 1.

3 Solution Techniques for the Linear
and Nonlinear Models

Let us work with the linear model
y = A£ + e, e~ (0,(T0

2P~'), P := ln, rank (A) = m < n,

(10)
where y is a n X1 vector of observations (sample of
function values), A is a nXm matrix of known coef-
ficients, df is a mX 1 vector of unknown parameters
(typically the "amplitudes" of the basis functions),
and e is the n X1 random error vector. All observa-
tions are assumed to be uncorrelated and of same
weight, thus as weight matrix P, the nXn identity
matrix !„ is chosen. Using BLUUE (Best Linear
Uniformly Unbiased Estimator), we obtain the es-
timated parameters | , the residuals e , and the esti-
mated variance component ff0 with respective vari-
ances and covariances:

| = N-'c ~ (£,CT0
2N-'), [N,c] := ATP[A, y],

e = y-A|~(0,CT0
2(p-I-AN-'AT)), (11)

)

The systems for solving the unknowns in capital
letters (e.g., the amplitudes A, B, C, D) are linear if
there are no further parameters. In this case, all the
position vectors, scaling factors and frequencies are
assumed to be known. In fact, they all are set to be
constant at certain values, usually equidistant meas-
ures that allow efficient algorithms or multi-scaling
representations. In the literature, not much effort
has been documented to introduce the positions,
scaling coefficients and frequencies as unknowns.
The resulting models become nonlinear, and the
solving techniques require the high computational
effort of global optimization methods. Local, non-
linear adjustment strategies like the Gauss-Newton
iteration depend on the provision of sufficiently re-
liable starting values. If they cannot be provided as
required, the problem is of global type when applied
to the least-squares target function. The common
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global techniques such as heuristic methods, inter-
val strategies or genetic algorithms have been suffi-
ciently discussed elsewhere. For instance, global
models with unknown frequencies in time series
have been studied by Mautz (2001; 2002) while
global models for surface data were discussed by
Kaschenz (2002; 2003).

4 Comparison of the Models

Due to the high number of potential criteria, a uni-
versal ranking of different model functions is im-
possible. Instead of attempting to weigh different
criteria to establish one specific ranking, only the
major criteria of the different models will be com-
pared in order to show some of their advantages and
drawbacks.

4.0. Premises

Some models necessitate a special data structure for
efficient handling. The Fourier series (1) and
wavelet analysis (3) use equidistant data points. In
addition, multiresolution representations like the
wavelet model require a special grid size (e.g. 27 by
2/, j e N). Thus, scattered observations have to be

adjusted onto a grid in order to apply these models.
The resulting approximation errors from gridding
have not been taken into account in this study.

The following comparisons are based on the spe-
cific dataset shown in Figure 6.

100 102 104 106

Fig. 6 Height anomalies in [m] from EGM 96, degree and
order > 70, between 100° and 106° longitude and 0° to -6°
latitude, and sampled onto a 65X65 grid. The range of the
data values is [-4.8 m; +4.7 m].

4.1. Adaptation of the model

The residual information is essential for many crite-
ria, which can be expressed by numbers quite well.
However, it should not be neglected that the out-

Table 1: Comparison of various surface representation models with a constant number of unknowns; units: [m] or [m2]

Model

2D-Fourier (linear)
2D-Fourier (nonlinear)

Wavelet, 4 levels.
Wavelet, compression

multiquadric (linear)
multiquadric, flex. pos.

multiquadric, c & pos.flex.
inv. multiquadric, (linear)

local radial function
loc. rad. func, pos. & c flex.

Predetermined
coefficients

M,v

lit, Vke [0; max]
scale of jo
scale of/'o

c = 0.5°
c = 6°

ce [0° ; l ° ]
c = 0.5°

c = 2°
cs[0.05°;5°]

No. of basis
functions

81
48

289
289
289

96
72

289
289

72

Number of
unknowns

289
288
289

289 (+ 578)
289
288
288
289
289
288

C,:

max{|e,|}

2.28
0.61
0.42
0.32
0.34
0.80
0.65
0.37
0.68
0.23

C2:

0.13
0.05
0.05
0.04
0.03
0.08
0.08
0.04
0.09
0.05

C3:

eTPe

340
20
25
13
8

46
49
15
70
14

C4:

0.29
0.07
0.08
0.06
0.04
0.11
0.11
0.06
0.13
0.06

Table 2: Number of parameters necessary to achieve a given degree of approximation (in terms of rms)

Model

2D-Fourier
2D-Fourier
Tensor Wavelet, 4 levels
Tensor Wavelet, compressed
Multiquadrics (c =0.5°)
Multiquadrics
inv. Multiquadrics (c =0.5°)
local radial function (c = 2°)
local radial function

linear
nonlinear
linear
linear
linear
nonlinear
linear
linear
nonlinear

mo=y<7o [m] maxjej [m] No. of basis
functions

No. of unknowns
Relative re-
dundancy [%]

0.08 m could not be reached. The minimal mo = 0.28m (625 unknowns).
0.072
0.080
0.080
0.080
0.079
0.077
0.075
0.080

0.61
0.42
0.44
0.51
0.48
0.56
0.46
0.29

48
289
220
225
118
225
484
56

288
289
220 + (440 integers)
225
354
225
484
224

93.18
93.16
94.80 (89.59)
94.67
91.62
94.67
88.54
94.70
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Fig. 7 Residuals of the 2D-Fourier se- Fig. 8 Residuals of the nonlinear analog Fig. 9 Residuals of the linear B-Spline
ries model (1); 289 basis functions. The to the Fourier series (2); 48 basis func- Wavelet model (3); 289 basis functions
unit is [m]. tions. The unit is [m], including levels 0 - 4. The Unit is [m].

" T O O 1 0 1 1 0 2 1 0 3 1 0 4 1 0 5 1 0 6

siduals. The unit is [m].

Fig. 10 a-b Linear multiquadric model Fig. 11 a-b Nonlinear multiquadric Fig. 12 a-b Nonlinear radial functions
(5); 289 basis functions with c = 0.5. model (8); 72 basis functions with flexi- with local support (9); 72 basis func-
Location of the center points and re- b ' e positions and variable parameter c. tions with flexible positions and vari-

Location of the center points and re- able parameter c. Location of the center
siduals. The unit is [m]. points and residuals. The unit is [m],

be reduced by a factor m'm. Making use of these
properties, the computational effort is O(n mm).
The multiquadrics - model (5) - are of complexity
O(n m2). If a hierarchical data thinning algorithm is
used according to Hales and Levesley (2000), the
algorithm may be of linear complexity, but only if
the data are spaced equidistantly. However, when
the radial basis functions have local support - model
(9) - the computational burden decreases drastically.
These functions are suitable to handle very large m
and n, when globally supported radial functions
may not be feasible.

The computing time for nonlinear models is
longer than the time for linear models since a global
algorithm may require several times to solve a sys-
tem of linear equations. The computational effort
for a nonlinear system will mainly depend on (a) the
number of unknown parameters, (b) the possibility
to set up a linear system if a fraction of the pa-
rameters are kept constant, (c) the global strategy
and its implementation, (d) the degree of adaptation

come of such an evaluation strongly depends on the
properties of the data. In order to rate the residual
information, the following criteria were used:

Ci:=max{|g.|,j=l,2,...,n}5 C2~£Mln'

C3:=eTPe, C4 :=Jd*=yJeTPe/(n-m).

4.2. Timing

The computational effort depends mainly on the
number of observations n and the number of pa-
rameters m. In general, linear models involve the
solution of a system of O(m) equations. Therefore,
it is necessary to set up a system of normal equa-
tions O(n m2) and perform an inversion O(m3).
However, there are some exceptions: Orthogonal
Fourier basis functions on the continuum - model
(1) - would create a diagonal normal matrix, thus
the complexity reduces to O(n m). The B-spline
wavelets - model (3) - are semi-orthogonal and have
local support, causing banded matrix structures.
Furthermore, the size of the equation systems can

504



to the problem on hand, (e) the number of local
minima of the objective function, (f) the desired
precision, and (g) whether the global solution has to
be guaranteed. A more detailed discussion can be
found in Xu (2002; 2003).

4.3. Smoothness of the surface

The behavior of six different models, namely (1),
(2), (3), (5), (8), (9), is visualized in Figures 7-12,
for a patch between 100° to 106° longitude and 0°
to -6° latitude respectively. All models have 288 (or
289) parameters. As shown in Figure 7 and Table 1,
the Fourier series does not represent the data well.
In contrast, the nonlinear analog in Figure 8 shows
very small residuals in the center.

The wavelet model shows distinct horizontal fea-
tures. At the center point locations of the multiquad-
ric models, some peaks can be seen.

The locally supported radial basis functions show
a smooth surface throughout.

5. Conclusions

In general, linear and local models are com-
putationally efficient. The shortest computation
time was obtained for the linear wavelet model.

Using the 2D-Fourier series - model (1) -, one
cannot reach the goal of 8 cm rms deviation be-
cause, with an increase in the number of para-
meters, the model improves only very slightly. With
the decrease of redundancy the Fourier model
reaches the minimal rms of 0.28 cm when
K/t = Kv= 13 and the number of parameters is 625.
The nonlinear Fourier model has an unexpectedly
poor maximum deviation despite a reasonable mean
deviation. The linear 2D-Fourier and wavelet mod-
els need a data-grid for efficient handling.

The parameter c in the multiquadric model is not
very sensitive to the data. Thus c = const, is reason-
able. Linear radial basis models need a pre-defined
value for c. In order to obtain satisfying results, c
has to be optimized prior to their application.

The multiquadric models show peaks, and the
wavelet models horizontal and vertical edges in
their representations as well as in their residuals.

Nonlinear models generally need a smaller number
of basis functions, particularly the locally supported
radial functions. Although very time consuming, the
smallest number of unknowns was used here to
achieve a rms deviation of 8 cm as well as the small-
est maximum deviation, but with an enlarged mean
deviation when compared with the linear multiquad-
rics. Note that the nonlinear wavelet model (5) still
needs to be studied.
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